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We investigate the dynamics of phase separation in two-component fluid membranes con-

fined between parallel and rigid bounding plates. Through numerical simulation, we find

dramatic slow coarsening of the order parameter field within the simulation time. In particu-

lar, a microphase separation is obtained as an equilibrium phase for sufficiently large values

of the elastic coupling, being consistent with the previous mean-field analysis. We also pro-

vide the physical interpretation of such slow kinetics in terms of the elastic effects arising

from the Helfrich interactions, together with theoretical analysis on the average domain size

in the strong segregation regimes.
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1. Introduction

Fluid membranes composed of several kinds of surfactants or phospholipids are encoun-

tered in a variety of systems from biological cell membranes to synthetic vesicles. Due to

strong hydrophobic interactions between those amphiphilies, they spontaneously aggregate

in water to form bilayer membranes. Their shapes and fluctuations are mainly controlled by

the bending energy with small surface tension.1) The resulting fluid-like in-plane order with

its high flexibility is then characteristic to such elastic surfaces. The fundamental physical

properties of fluid membranes have been extensively studied both theoretically and experi-

mentally. For example, the detailed calculations of the bending and curvature rigidities of a

bilayer membrane in copolymer-homopolymer mixture are found in the literature.2)

In many cases, membranes are simply modeled as a laterally homogeneous elastic layer

without internal structures.3) However, one of the most fascinating phenomena can be found

in real biological membranes that are usually complex mixtures of lipid species, small interca-

lated molecules such as cholesterol, and many intramembrane proteins.4) A good example is

the shape transformation of a human blood cell from a normal biconcave shape of discocytes

to a crenated shape of echinocytes.5,6) Although there are few direct experimental evidences
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so far, it has been pointed out in a number of theoretical and numerical studies6–16) that

a coupling of a local curvature to a local composition of amphiphilies plays the crucial role

in the formation of various distinct shapes of membranes. In particular, an increasing num-

ber of theoretical studies have been focused on lateral phase separations of two-component

membranes accompanied their shape deformations. They can serve as a good starting point

for studying more complicated real biological membranes, and are suitable to study their

fundamental physical properties.6)

Another example of interest are provided by the inter-membrane interactions or an in-

terplay between a membrane and another surface.17,18) In general, out-of-plane fluctuations

are severely restricted by the presence of neighboring membranes, which leads to an effective

repulsion between them, the so-called Helfrich interaction.19–23) This entropically driven steric

repulsion is known to dominate over the other direct molecular interaction (such as the van

der Waals attraction) for the length scale larger than the bilayer thickness. Helfrich repulsion

has now become a central concept for studying the phase behavior of multi-layered surfactant

systems,22) which are characterized by a parallel arrangement of membranes. Helfrich inter-

action also may be important to understand various biologically relevant phenomena such as

adhesion of biomembranes that is responsible for cell-cell adhesion.18,22,23)

Now it is tempting to consider a system where a shape change of a fluid membrane induced

by a lateral phase separation is competing with the stabilizing Helfrich interaction. Although a

stacked bilayer containing small additives like lipopolymers will be a major candidate of such

a system, a single membrane is often more suitable for theoretical studies in some respects.

Therefore, in the present study, we will restrict ourselves to investigate the phase behaviors of

a single membrane with two parallel and rigid bounding plates. Further extension to the case

of multilayered systems will be a future subject. The equilibrium aspects of this problem have

been analyzed using the mean-field theory, and phase diagrams have been calculated for the

weak segregation limit as a function of the temperature, a coupling strength, and a chemical

potential.16) However, the weak segregation limit is usually realized only in the vicinity of a

critical point. Here we will be concerned with dynamics of such membranes, as well as the

theoretical analysis of equilibrium properties in the strong segregation regime, both of which

are absent so far. In this paper, we adopt a coupled-field Ginzburg-Landau model to study

phase separation and accompanying shape deformation on a two-phase elastic membrane

under the confinement. Our aim here is to gain essential physical insight into the role of

a combination of curvature-composition coupling and Helfrich repulsion on in-plane phase

separation dynamics. In the next section, we introduce a Ginzburg-Landau type model for a

two-component fluid membrane, where purely dissipative dynamics are assumed. In Section 3,

we show numerically that coarsening of the domain structure in such a geometrically restricted

surface becomes much slower than that of bulk spinodal decomposition. It is worth noting
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Fig. 1. A schematic view of a single two-component bilayer confined between hard walls. The mem-

brane is simultaneously undergoing a lateral phase separation.

that slow kinetics of domain growth can be found in a variety of systems such as phase-

separating gels,24) binary alloys,25,26) deeply quenched polymer solutions and asymmetric

polymer blends,27,28) and microphase separating rod-coil copolymers.29) Also, as a closely

related but more complex phenomena, an orientational phase ordering in fluid membrane

exhibits slow coarsening of topological texture.31) Section 4 devoted to theoretical analysis for

the ordered structure to compare with numerical results. A simple physical explanation for

the slow kinetics will be also given. Discussions and possibility to further improvement of our

model are presented in Section 5, followed by a brief summary in the last section.

2. Model

Let us start with a single membrane confined between parallel rigid plates illustrated

in Fig. 1. As mentioned above, this ideal situation may be less interesting in terms of an

experimental realization. However, apart from its simplicity for handling, it is useful to study in

detail the phase separation dynamics on a frustrated surface due to its geometrical restriction.

Let a single membrane lie in the x-y plane and be initially flat. Assuming small deforma-

tions, we adopt the Monge representation to describe its local displacements from planar state

as z = h(r) = h(x, y). The model free energy for a two-component membrane is composed of

three parts given by6–9,12–16)

F =

∫
dr(fcomp + fcurve + fwall), (1)

fcomp =
M

2
(∇φ)2 + f0(φ), (2)

fcurv =
κ

2

(
∇2h + κ−1λφ

)2
. (3)

Here M is a positive constant, f0(φ) is the areal Ginzburg-Laudau free energy density, κ

the bending rigidity, and λ the coupling constant (taken to be positive in our treatment),

respectively. Note that we retain the lowest-order terms with respect to ∇h in Eq. (3). For

a bilayer membrane, the order parameter φ should be interpreted as an appropriately scaled
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composition deviation (from its critical value) of additives, such as another lipids or small

intercalated molecules. Here we assume that added amphiphilies are preferentially intercalated

into one of the two halves of a bilayer without any flip-flop.9)

The Helfrich repulsion, which arises from the suppression of the thermal undulations of

the membrane, is introduced by the third component of the free energy fwall. Here the two

parallel rigid plates of separation 2d is assumed to be positioned at z = ±d, respectively.

Because the membrane thickness is regarded as negligible, other direct molecular forces are

all irrelevant hereafter. Then the free energy associated with the Helfrich interaction can be

expressed by17,19–22)

fwall =
c0(kBT )2

12κ

[
1

(d + h)2
+

1

(d − h)2

]
. (4)

The numerical prefactor c0 has been obtained as c0 = 1.392, which is predicted to be inde-

pendent of both the internal structure of the membrane and the details of the form of the

wall potential.20,22) We note that its value is still debatable in the literature,17) and a major

alternative is c1 = 9π2/32 ∼= 2c0 that were originally calculated by Helfrich.19) However, our

results are not affected by the precise value of the prefactor in any major way, at least in

qualitative level.

In the absence of hydrodynamic interactions mediated by the surrounding solvent, we can

write the time evolution equations in the following form32)

∂φ

∂t
= Lφ∇2 δF

δφ
= Lφ∇2

[
−M∇2φ +

∂f0

∂φ
+

λ2

κ
φ + λ∇2h

]
, (5)

∂h

∂t
= −Lh

δF

δh
= −Lh

[
κ∇4h +

∂fwall

∂h
+ λ∇2φ

]
. (6)

To find the initial growth rate after the membrane is quenched into a coexistent state of φ,

we linearize Eqs. (5) and (6) around φ = 0 and h = 0 assuming (φ, h) = (δφ, δh)eiq·re−ωt and

f0(φ) = τ0φ
2/2 + uφ4/4. Solving the resultant eigenvalue problem, we obtain the dispersion

relation

ω± =
1

2

[
−(α + β) ±

√
(α − β)2 + 4γ

]
, (7)

where

α(q) = Lφq2(Mq2 + τλ), β(q) = Lh

(
κq4 +

c0

κd4

)
, γ(q) = LφLhλ2q6. (8)

Here τλ corresponds to the λ-dependent effective temperature given by

τλ = τ0 +
λ2

κ
. (9)

A set of curves ω+(q) is shown in Fig. 2 for several values of the coupling strength λ with

τ0 = −0.10 held fixed. A homogeneous distribution of φ first becomes unstable against per-

turbations with finite wave numbers above a certain critical value λc. Here λc depends on
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Fig. 2. Plots of ω+(q) for several values of λ with τ0 = −0.10 fixed. Other parameters are set to

the standard values (specified in the next section). Note that ω0 = Lφ|τ0|2/(4M) is the maximal

growth rate of a bulk spinodal decomposition.

the quench depth |τ0|, though its analytic expression cannot be obtained. However, we can

approximately find this value in the weak segregation limit τλ → 0 by eliminating h from

the mechanical balance condition. This procedure gives λ
(0)
c ≈ (2M)1/2c

1/4
0 /d, below which a

usual spinodal decomposition may occur for τλ < 0. The transition between modulated and

macroscopic two phase region is first-order,16) and ordering kinetics in the vicinity of this

transition line (i.e., λ ∼ λc) is of particular interest in the analysis below.

3. Computational Method

To study the nonlinear dynamics of the phase separation, we numerically solve the kinetic

equations (5) and (6) in two dimensions. As an efficient integration method, we adopt the cell

dynamical system (CDS) approach.33–35) The order parameter field φ(n, t) and the membrane

displacement field h(n, t) are assigned to each cell n = (nx, ny) in an 128× 128 square lattice

with the periodic boundary conditions, respectively. The corresponding CDS equations to Eqs.

(5) and (6) can be read as

φ(n, t + 1) = φ(n, t) + Lφ∇̂2Iφ(n, t), (10)

h(n, t + 1) = h(n, t) − Lh

[
∇̂2Ih(n, t) +

∂fwall

∂h
(h(n, t))

]
, (11)

where Iφ(n, t) and Ih(n, t) are the discrete thermodynamic forces given by

Iφ(n, t) = τλφ(n, t) + uφ3(n, t) − M∇̂2φ(n, t) + λ∇̂2h(n, t), (12)

Ih(n, t) = κ∇̂2h(n, t) + λφ(n, t). (13)
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Fig. 3. Time evolution of φ for critical quench case 〈φ〉 = 0. The white region represents the additive-

rich phase φ > 0.

The discrete Laplacian in two-dimensional square lattice is defined as35)

∇̂2φ =
1

2

∑

N
(φN ) +

1

4

∑

NN
(φNN ) − 3φ, (14)

where N represents nearest-neighbor cells and NN next-nearest-neighbors.

The standard parameter set we choose are M = 1
3 , τ0 = −0.3, u = 3.0, κ = 10

3 (= 10M), d =

2, λ = 0.8, and Lφ = Lh = 0.03.30) For these parameters, we have the equilibrium order pa-

rameter value φeq =
√
|τ0|/u ∼ 0.32 and the interface thickness ξ =

√
M/|τ0| ∼ 1. The

critical coupling strength in the weak segregation limit is estimated as λ
(0)
c ∼ 0.44, while

a most unstable wavenumber qc ∼ 0.7. The initial condition of φ are generated by random

numbers uniformly distributed in [−0.02, 0.02] around the average value 〈φ〉, and the initial

membrane shape is set to be perfectly flat. The magnitude of the shape deformation is care-

fully monitored, and 〈|∇h|2〉 < 0.02 is satisfied throughout our simulations so that the flat

membrane approximation is kept valid. (Here 〈· · · 〉 represents a spatial average.)

4. Simulation Results

Fig. 3 shows the typical time evolutions of the order parameter field for the critical quench

case 〈φ〉 = 0. The corresponding snapshot of the membrane shape at time steps t = 105 is

also displayed in Fig. 5. We find that the pattern does not change significantly after about

time steps t ∼ 50000, which implies that both φ and h fields have their stable bicontinuous

structures as their equilibrium phases. Such modulated patterns obtained here are consistent
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φ = − 0.1 φ ��� φ = − 0.3 φ ���

Fig. 4. Domain patterns obtained for off-critical quench cases 〈φ〉 = −0.1φeq(left) and 〈φ〉 =

−0.3φeq(right) at time steps t = 105.

Fig. 5. Snapshot of the membrane shape h on a 64× 64 portion of the lattice for critical quench case

at time step t = 105. The bounding box depicted in the Figure represents the confining geometry

in the exact scale. Note that there is some exaggeration along the vertical direction.

Fig. 6. Same figure as Fig. 5 but for off-critical quench case 〈φ〉 = −0.3φeq.

with the predictions from the previous mean-field analysis.16) It is worth noting that various

equilibrium modulated phases are also studied for two-component bilayers where a lateral

tension of a membrane suppresses large deformations of the membrane.7,15)

The domain patterns for the off-critical quench cases are also presented in Fig. 4. Although

a stable hexagonal pattern can be found locally in the case 〈φ〉 = −0.3φeq, long-ranged

positional order of microdomains (white regions) is not obtained. As will be discussed below,

7/19



J. Phys. Soc. Jpn. Full Paper

   = 0.80
0.70
0.60
0.55
0.50

� � � � � � � � �
	 � � �
� � 
 � � � � �

��� � �

�

λ

Fig. 7. Time evolutions of the inverse characteristic length scale 〈q(t)〉 of the order parameter for

various values of λ. The data for λ = 0 (usual spinodal decomposition) and λ = 0.50 represent the

average over three 128×128 system with different initial conditions, while the others are obtained

from one system, respectively.

this is partly because an effective elastic interaction propagates only within a finite distance

that is much shorter than the system sizes. It is also responsible for the “liquid-like” order of

the microdomains that modes with longer wavelengths decay rather slowly, as can be seen in

Fig. 2.

To see the kinetics of ordering more quantitatively, we monitor the inverse of the time

dependent characteristic length scale, which is defined by34,35)

〈q(t)〉 =

∑

|q|>0

|q|−1S(q, t)

∑

|q|>0

|q|−2S(q, t)
, (15)

where S(q, t) = 〈|φq(t)|2〉 is the structure factor of the order parameter. In Fig. 7, the calcu-

lated data of 〈q(t)〉 is plotted as a function of time steps for the critical quench case. We also

include the result when the coupling between φ and h are turned off, which exhibits a t−1/3

evolution law, being in good agreement with the usual spinodal decomposition in bulk.

It is remarkable that considerably slow, but algebraic domain growth is found for the

coupling strength around λ ∼ 0.50 (at least within the time region we simulated). The effective
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Fig. 8. Effective growth exponents z as a function of λ calculated by the least squares fits to the data

in 2 × 104 < t ≤ 2 × 105 for λ = 0.30 and 0.40, and those in 5 × 104 < t < 2 × 105 for the others.

growth exponents defined as z = −d(ln〈q(t)〉)/d(ln t) are estimated by the least-square fits to

the data in 5× 104 < t ≤ 2× 105, which give z = 0.24 for λ = 0.50 and z = 0.15 for λ = 0.55,

for example (see also Fig. 8). Notice that dramatic slowing down of coarsening kinetics starts

earlier as the coupling strength increases. In particular, the evolution of the pattern for large

λ is extremely slow for large time steps, being almost logarithmic.35) The asymptotic growth

exponent for the case λ = 0.8 is nearly zero after 50000 time steps, which again suggests

the appearance of the microphase separation. On the other hand, it is unclear at present

whether slowly lasting coarsening for smaller λ is true or not. However, a simple theoretical

analysis in the following section will indicate λc ≈ 0.53 for the present set of parameters.

Then, for λ ≤ 0.53, the system will ultimately reaches to macroscopically phase-separated

state. Actually, as shown in Fig. 8, an effective growth exponent z becomes smaller than

1/3 due to the elastic coupling as the system approaching a first-order transition line to a

modulated phase. But, note also that, once the system enters a modulated phase region, a

true asymptotic growth law is no more algebraic.

5. Theoretical Analysis

To understand the origin of microphase separation in detail, we shall first focus on static

properties. In general, a stable periodic pattern appears as a result of the competition be-

tween short-ranged attractive interaction and the long-ranged repulsive one. For instance, in

a well-known case of pure diblock copolymer,36) the long-range interaction originates from the

osmotic incompressibility. In the present system, the local coupling of φ to the shape defor-

mation and the Helfrich repulsion are both responsible for such interaction. To show this, we

assume here the mechanical equilibrium condition δF/δh = 0. Linearizing the Euler equation
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around h = 0, we obtain

∇2∇2h +
1

ξ4
h

h = −λ

κ
∇2φ, (16)

where we introduced the in-plane correlation length of the membrane displacement as

ξh =
κ1/2

c
1/4
0

d. (17)

Substituting the solution of Eq. (16) into Eqs. (3), (4) leads to the effective elastic interaction

energy37)

Feff =
λ2

2κ

∫
dr

∫
dr′φ(r)G(r − r′)φ(r′), (18)

where the Green function G(r) satisfies the equation

[
ξ4
h∇4 + 1

]
G(r) = δ(r). (19)

The integration can be evaluated for large values of r = |r| to obtain20)

G(r) ∼ 1

2π1/2ξ2
h

√
ξh

r
e−

√
2r/(2ξh) sin

(√
2

2

r

ξh
+

π

8

)
. (20)

Therefore, the elastic interaction (18) is indeed repulsive, and propagates up to the length

scale ∼
√

2ξh. The latter property is understood from the exponential factor in (20). This

feature is in contrast to the pure diblock copolymer case where the corresponding green

function G(r) varies logarithmically in space in two dimension,36) and thus there can be no

definite length scale which characterizes its interaction range. Nevertheless, because
√

2ξh (∼
5 for our parameter set) is longer than the correlation length ξ ∼ 1, the elastic interaction

(18) competes with the short-ranged thermodynamic attractive force to create the modulated

structure, if λ > λc satisfied.

Next we calculate the average domain size for the ordered phase based on the effective free

energy derived above, and compare it with that of the numerical simulation. For simplicity,

we only consider the critical quench case 〈φ〉 = 0, and further assume one-dimensional stripe

pattern with the spatial periodicity D. Assuming a strong segregation condition D À ξ, we

can approximate the spatial profile of φ(x) as36)

φ(x) =

{
+φeq for(j − 1)D < x < (j − 1

2)D

−φeq for(j − 1
2)D < x < jD

(21)

where the integer j runs from 1 to L/D (L the linear system size). We define Fourier transform

of φ(x) and G(x − x′) as

φ(x) =

∞∑

n=−∞

′

φne
2πin

D
x, (22)

G(x − x′) =
∞∑

n=−∞

′

Gne
2πin

D
(x−x′), (23)
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where the prime in the summation means the exclusion of n = 0. From Eqs. (21) and (19),

we find

φn =
φeq

iπn

(
1 − e−iπn

)
(24)

Gn = 1/

[
1 + ξ4

h

(
2πn

D

)4
]

. (25)

Substitution of Eqs. (22) and (23) into Eq. (18) yields the expression of the elastic free energy

as

Feff =
2

π2
φ2

eqL
2 2λ2

κ
K

(
D

2πξh

)
, (26)

where the function K(z) is defined as

K(z) =
z4

2

∞∑

n=1

1 − cos(πn)

n2(n4 + z4)
∼

{
z4 (z ¿ 1)

1 (z À 1)
(27)

Thus, combining the interfacial energy

Fint =
4
√

2

3
φ2

eq

M

ξ

L2

D
, (28)

we find that the total free energy for the lamellar phase is given as

F (D) =
2

π2
φ2

eqL
2f

(
D

2πξh

)
, (29)

with

f(z) =

√
2π

3

M

ξξh

1

z
+

2λ2

κ
K(z). (30)

Since K(z) ∼ z4 for z ¿ 1, minimization with respect to D gives the estimated domain size

Dφ as

Dφ ∼

(
25/2π6

3

κM

λ2

ξ4
h

ξ

)1/5

∝ κ3/5d4/5λ−2/5. (31)

Note that this expression is valid for relatively large values of λ so that z ¿ 1 is satisfied.

A comparison between the average domain sizes obtained from the simulations and those

obtained by minimizing Eq. (30) numerically is displayed in Fig. 9. The estimated domain

size is plotted as a function of λ2 − λ2
c according to the following reasons. First, λ should

enter into D in the form of λ2 because the domain size should not depend on the sign of

λ. Second, the average domain size should diverge in the limit λ → λc, because a phase

separation proceeds macroscopically for λ < λc. Here, λc = 0.53 has also been determined by

the least-square fitting to the data obtained from numerical simulations. Taking into account

a possible correction by the finiteness of domain boundary thickness (∼ 2ξ ∼ 2), we find good

agreement between two set of data. It is also found that the power law Dφ ∼ (λ2 − λ2
c)

−1/5 is

actually hold for larger coupling strength, which is in accordance with Eq. (31).

Now the physical origin of slow kinetics has become clear. In the early stage of phase
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Fig. 9. The average domain sizes of φ in the microphase-separated states obtained from both nu-

merical simulations and the theoretical analysis. Inset is for the membrane displacement field h

reproduced from the numerical simulation results, too. Dh also satisfies the same dependence on

the coupling strength λ as Dφ, which is the natural consequence from the mechanical balance

condition in the equilibrium phases.

separation, the elastic coupling does not affect the coarsening kinetics significantly, because

the membrane shape can follow the composition change immediately.31) However, as the

phase separation proceeds, the shape change cannot keep up with the coarsening of the order

parameter, since the large deformation of the membrane shape is energetically disfavored by

the Helfrich repulsion. Therefore, once the elastic energy becomes dominant over the interfacial

energy, the coarsening begins to slow down drastically.

To check the validity of this argument more quantitatively, we examine the temporal

changes in the average magnitudes per a lattice of the free energy densities, fint = M(∇φ)2,

fcurv, and fwall (with the constant term fwall(h = 0) subtracted). The time evolution shown

in Fig. 10 exhibits three distinct time regimes. The earliest one (I) corresponds to the lin-

early unstable regime where formation and growth of intramembrane domains occurs almost

randomly. In the time regime (II), local amplitudes of φ saturated and the interface energy

dominates over the others. Then this regime can be characterized by the coalescence of small

domains into larger one, as found in usual spinodal decomposition. However, the elastic en-

ergies monotonically increase at the same time, and begin to affect the coarsening process

gradually with increasing membrane shape deformations. In the last regime (III) where the

ratio η = 〈fint〉/(〈fcurv〉+ 〈fwall〉) becomes the order of unity (see the Inset), dissipation rates

d〈f〉/dt all converge to nearly zero, which means that the phase separation stops. Notice that

the lowering of any component of the free energy would lead to the increase of total free energy

in this stage.
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Fig. 10. Time evolutions of the interfacial, curvature, and Helfrich interaction energy densities. The

process involves three distinct time regimes. Inset: the half of η (defined in the text) is plotted as

a function of time steps.

6. Discussion

We shall start in this section from discussing a possible connection with experimental

observation in real membranes. Experimentally, an artificial giant unilamellar vesicle can pro-

vide an good model system to test theoretical predictions. In particular, we shall mention here

a recent experiment done by Marx et al..22) They have investigated the thermal fluctuation

spectrum of multicomponent bilayers with added lipopolymers and cholesterol closed to an

attractive substrate by using an optical interferometry technique. Analyzing the probability

distribution P (h) of the membrane-substrate spacing h with various concentrations of ad-

ditives, they found that the membrane has two stable mean spacings hI and hII , both of

which are unbound states from the rigid substrate. In the literature, the observed double-peak

structure in P (h) is related with a lateral phase segregation between additives induced by the

Helfrich repulsion.

Because our simple model does not include a short-range attractive interaction which can

bind a membrane to a substrate, nor a local change of the bending rigidity due to compositional

differences, our results are not directly comparable to theirs. Nevertheless, our calculations

clearly indicates that a combination of the composition-curvature coupling and the Helfrich

repulsion is indispensable to an unbounded bistable structure of the membrane shape as

observed in the experiment. Furthermore, the present results are not altered qualitatively

when the Helfrich repulsion from one of the plates is substituted by an appropriate linear
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confining potential such as gravity. Therefore, our results obtained in this paper is most likely

to support the physical interpretation of the experiment that a lateral phase separation of the

additives under the influence of the Helfrich repulsion creates the phase coexistence between

two unbound states.

In relation with the above mentioned experimental results, we should also point out the

potentially important role played by the out-of-plane thermal fluctuations of a membrane on

a lateral phase separation. Although it is well recognized that the critical fluctuations of the

order parameter φ drives the transition to the modulated phase first-order,38) we empirically

know that the thermal fluctuations of φ itself are irrelevant to the phase ordering process

after quench.39) However, because the membrane displacement field h does not have critical

anomalies unlike φ, and highly fluctuates, it is most likely that the fluctuations of h can

significantly affects the stability of modulated phase of φ.16) We conjecture that studying the

influence of the thermal fluctuations is helpful to understand the experimental result that the

observed phase segregation is only dynamic in nature and then there is no true “macroscopic”

phase separation.22)

As a final remark, we briefly mention a possible role of hydrodynamic effects. In general,

temporal shape changes of a membrane excites a flow in the solvent in which it is embedded.

Due to the solvent incompressibility, the flow excited creates an effective long-range hydrody-

namics interaction between separated points on the membrane. Most conveniently, this effect

can be taken into account by modifying the kinetic coefficient of h as Lh(q) = 1/(4ηq) (η is

the shear viscosity).3,31,40) However, this substitution is justified only for the modes satisfying

the condition qd À 1, whose window is limited for the present study because d < 1µm at

most.30) A more accurate calculation gives the eigenfrequency of the deformation mode

ωh(q) ∼ i
κd3

24η
q6, (32)

for long wavelength qd < 1. Equation (32) indicates that the hydrodynamics modifies the

kinetic coefficient as Lh(q) = d3q2/(24η). Thus the hydrodynamic effects make the relaxation

of long wavelength deformations more slowly than that in purely dissipative case, and will

influence the late stage ordering kinetics in a certain way. Also, hydrodynamic flow excited

within a membrane changes the in-plane ordering kinetic drastically, especially for a symmetric

composition case. Such an effect may become important for a membrane with high fluidity of

amphiphilies and additives constituting the bilayer.41)

7. Conclusion

Through numerical simulations, we have investigated the dynamics of phase ordering of a

two-component fluid membrane under the influence of the Helfrich repulsion. Due to the com-

bination of different types of the elastic effects, i.e., the composition-curvature coupling and

the Helfrich repulsion, domain growth is found to be drastically slowed down. In particular, we
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Fig. 11. Schematic illustration of the model system to study the relaxation dynamics of the membrane

deformations. The membrane separates fluids having the same viscosity η.

have demonstrated that the system undergoes a microphase separation for a sufficiently large

coupling strength, which is in agreement with the prediction by the mean-field analysis.16)

Resulting bistable structure of membrane-substrate separations may be compatible to the

recent experimental findings by Marx et al .22) It will be an interesting subject to extend the

present study to the multilayered systems that is simultaneously undergoing in-plane phase

separations. We also expect that the present study gives useful insights to the practical control

of the microdomain structure found in biotechnology applications.
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9. Appendix

In this appendix, we briefly show the derivation of Eq. (32). The procedure is very similar

to that sketched by Brochard and Lennon,5) but is somewhat complicated by the presence

of the rigid bounding plates. We consider a single-component, homogeneous, structureless,

two-dimensional membrane confined between rigid bounding plates, as shown in Fig. 11. The

membrane is immersed in viscous fluid with its shear viscosity η. The fluid motions are entirely

governed by the Navier-Stokes equations. In the limit of small amplitude and low Reynolds

number, these equations are linearized as

∇ · va = 0, (33)

ρ
∂va

∂t
= −∇pa + η∇2va. (34)
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Here a = 1 denotes quantities in the fluid region above the surface (z > 0), while a = 2 denotes

those below the surface (z < 0). These equations are solved with the boundary conditions

vz1(0) =
∂u

∂t
, vz1(d) = 0, vx1(0) = vx1(d) = 0, (35)

and

vz2(0) =
∂u

∂t
, vz2(−d) = 0, vx2(0) = vx2(−d) = 0. (36)

Here we employed the stick boundary conditions of the fluid at the surface of the membrane

and the rigid plates.

Now let us consider the membrane deformation δu when the infinitesimal external pressure

δψ = ψ0e
iqx−iωt is applied. These quantities generally satisfy the linear response relation of

the form

δu(q, ω) = χ(q, ω)δψ(q, ω). (37)

The poles of the response function χ(q, ω) defined by Eq. (37) give the eigenfrequencies of

the deformation modes. In this case, on the other hand, the force balance condition of the

membrane can be written as5,41)

−δp1(0
+) + δp2(0

−) + 2η
∂vz1

∂z

∣∣∣
z=0+

− 2η
∂vz2

∂z

∣∣∣
z=0−

+fel + δψ = 0, (38)

where δp stands for the deviation of the pressure from its hydrostatic value. fel represents the

restoring force on the membrane due to its bending elasticity, and is given by

fel = −κ
∂4

∂x4
δu. (39)

Before proceeding to solve Eq. (34) with the boundary conditions Eqs. (35), (36) and

(38), we shall make some simplification of our calculation using symmetric arguments. For

the small amplitude motion discussed here, it is expected that the fluid motions are symmetric

between above and below the membrane surface. Thus we may set v1(x, z, t) = v2(x,−z, t),

δp1(z) = −δp2(−z), and then ∂vz1(x, z, t)/∂z = −∂vz2(x,−z, t)/∂(−z) for z > 0. Applying

these relations to Eqs. (33)-(38), we find that the problem is to solve the equation of motion

∇ · v = 0, (40)

ρ
∂v

∂t
= −∇δp + η∇2v, (41)

with the boundary conditions

vz(0) =
∂u

∂t
, vz(d) = 0, vx(0) = vx(d) = 0, (42)

and

−2δp(0) + 4η
∂vz

∂z

∣∣∣
z=0

− κ
∂4

∂x4
δu + δψ = 0, (43)
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where we have omitted the subscript 1 for simplicity.

We now turn to the calculation of the response function. The general solutions of Eqs.

(40) and (41) under the application of the external pressure δψ = ψ0e
iqx−iωt are of the form5)

δp = −iωρ(Aeqz + Be−qz)eiqxiωt, (44)

vx = (iqAeqz + iqBe−qz − lCelz + lDe−lz)eiqx−iωt, (45)

vz = (qAeqz − qBe−qz + iqCelz + iqDe−lz)eiqx−iωt, (46)

where l2 = q2 + iωρ/η. Inserting these solutions in the boundary conditions (42), we can

calculate A,B, C, D in terms of u0, where we set δu = u0e
iqx−iωt. Then, Substituting them

into Eq. (43) and arranging it in the form of Eq. (37), we have the response function χ(q, ω)

after some algebra, which is given by

χ−1(q, ω) = ρ
l

q

(
1

D1(q)
+

1

D2(q)

)
(iω)2 + κq4, (47)

where

D1(q) = l coth(qd) − q coth(ld), (48)

D2(q) = l tanh(qd) − q tanh(ld). (49)

The dispersion relation χ−1(q, ω) = 0 can be solved approximately in terms of ω in the two

limits qd À 1 and qd < 1. As a result, the membrane deformation modes can be given as

ω(q) ∼ i
κ

4η
q3, (50)

for qd À 1, while

ω(q) ∼ i
κd3

24η
q6, (51)

for qd < 1, respectively. Equation (50) does not depend on d, because this case is identical

to the case of an isolated membrane.5,40) Note, however, that such a mode is strictly limited

in our case because the membrane-wall separation d is assumed to be much shorter than

the lateral extent of the membrane sheet. On the other hand, for qd < 1 case that we are

focusing on, the result (51) is found to be same as that by Brochard and Lennon. However,

this coincidence is rather accidental because they have only considered the effects of the fluid

motions inside the membrane.5)
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